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ADAPTED METRICS FOR SINGULAR HYPERBOLIC FLOWS
VITOR ARAUJO, VINICIUS COELHO, AND LUCIANA SALGADO
Abstract. We show the existence of singular adapted metrics for any singular hyperbolic
set Γ with respect to a C1 vector field on finite dimensional compact manifolds.
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1. Introduction
Let M be a connected compact finite n-dimensional manifold, n ≥ 3, with or without
boundary. We consider a vector field X : M → TM , such that X is inwardly transverse
to the boundary ∂M , if ∂M 6= ∅. The flow generated by X is denoted by Xt : M →M .
A hyperbolic set for a flow Xt on M is a compact invariant set Γ with a continuous
splitting of the tangent bundle TΓM = E
s ⊕ EX ⊕ Eu, where EX is the direction of the
vector field, so that the subbundles are X−invariant
DXt · E
∗
x = E
∗
Xt(x), x ∈ Γ, t ∈ R, ∗ = s,X, u; (1.1)
Es is uniformly contracted by DXt and E
u is likewise expanded: there are K, λ > 0 so
that
‖DXt |Esx ‖ ≤ Ke
−λt, and ‖(DXt |Eux )
−1‖ ≤ Ke−λt, x ∈ Γ, t ∈ R. (1.2)
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We say that a riemannian metric is adapted to the hyperbolic set Γ if we can take the
constant K in definition (1.2) equal to 1, for this metric. This means that we can see the
contraction/expansion properties of the flow derivative action on the subbundles Es/Eu,
respectively, just from any time of iteration. In the diffeomorphism case, the equivalent
definition is to see these properties from the first iteration.
From the 1990’s, weaker notions of hyperbolicity (e.g. dominated splitting, partial hy-
perbolicity, volume hyperbolicity, sectional hyperbolicity, singular hyperbolicity, etc.) were
defined and several researchers have paid attention to the analogous properties from uni-
formly hyperbolic theory which can be extended to these systems; see [2, 5, 7, 11, 12, 15, 18].
To give an answer for a question posed by Hirsch, Pugh and Shub in [9], Gourmelon [8]
proved that dominated and partially hyperbolic splittings, for diffeomorphisms as well as
for flows, admit adapted metrics.
As an example of application of this result for flows, the first and the third authors in [3],
construct quadratic forms which characterize partially hyperbolic and singular hyperbolic
structures on a trapping region for flows, following Lewowicz [10] and Wojtkowski [20]
spirit.
In [4], the first and third authors noted that the existence of an adapted metric could
be considered for singular hyperbolic splittings, and they proved it for a three-dimensional
vector field by using quadratic forms. We recall the definition of singular adapted metrics.
Definition 1. We say that a Riemannian metric 〈·, ·〉 is adapted to a singular hyperbolic
splitting TΓ = E ⊕ F if it induces a norm | · | such that there exists λ > 0 satisfying for
all x ∈ Γ and t > 0
|DXt |Ex | ·
∣∣(DXt |Fx)−1| ≤ e−λt, |DXt |Ex | ≤ e−λt and | det(DXt |Fx)| ≥ eλt.
We say this is a singular adapted metric, for simplicity.
This extends the notion of adapted metric for dominated and partially hyperbolic split-
tings; see e.g. [8].
Theorem 1.1. [4, Theorem C] Let Γ be a singular-hyperbolic set for a C1 three-dimensional
vector field X. Then Γ admits a singular adapted metric.
In [14, Theorem B], the second and last authors showed the existence of adapted metrics
for any singular hyperbolic set Γ of a C1 vector fields in the particular setting where
Γ has a partially hyperbolic splitting TΓM = E ⊕ F with F volume expanding and E
an one-dimensional uniformly contracting bundle, extending the result from [4] for any
codimension one singular hyperbolic set. This is also done under the point of view of
J-algebras of Potapov [20], confirming the very interesting feature of the quadratic forms
technique from which we can get adapted metrics.
Here, we generalize these results to every singular hyperbolic flow in higher dimensional
manifolds.
Our main result is now presented.
Consider a partially hyperbolic splitting TΓM = E⊕F where E is uniformly contracted
and F is volume expanding. We show that for C1 flows having a singular-hyperbolic set Γ
there exists a metric adapted to partial hyperbolicity and volume expansion, as follows.
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Theorem A. Let Γ be a singular-hyperbolic set for a C1 vector field X. Then Γ admits a
singular adapted metric.
Namely, we prove the existence of adapted metrics for any singular hyperbolic (of any
codimension) set Γ for C1 vector fields, but in this work this is made in a certain different
way from [4, 14]. Now, we make this without using quadratic forms, we only use multilinear
algebra and the dynamics.
The text is organized as follows: in Section 2 we present definitions, applications and
conjectures about adapted metrics. In Section 3 we state some auxiliary results needed for
the proof. Finally, in Section 4 we present a proof of our main theorem.
2. Preliminary Definitions, Conjectures and Applications
We recall that a trapping region U for a flow Xt is an open subset of the manifold M
which satisfies: Xt(U) is contained in U for all t > 0, and there exists T > 0 such thatXt(U)
is contained in the interior of U for all t > T . We define Γ(U) = ΓX(U) := ∩t>0Xt(U) to
be the maximal positive invariant subset in the trapping region U .
A singularity for the vector field X is a point σ ∈M such that X(σ) = 0 or, equivalently,
Xt(σ) = σ for all t ∈ R. The set formed by singularities is the singular set of X denoted
Sing(X). We say that a singularity is hyperbolic if the eigenvalues of the derivative DX(σ)
of the vector field at the singularity σ have nonzero real part.
Definition 2. A dominated splitting over a compact invariant set Λ of X is a continuous
DXt-invariant splitting TΛM = E ⊕ F with Ex 6= {0}, Fx 6= {0} for every x ∈ Λ and such
that there are positive constants K, λ satisfying
‖DXt|Ex‖ · ‖DX−t|FXt(x)‖ < Ke
−λt, for all x ∈ Λ, and all t > 0. (2.1)
A compact invariant set Λ is said to be partially hyperbolic if it exhibits a dominated
splitting TΛM = E ⊕ F such that subbundle E is uniformly contracted, i.e., there exists
C > 0 and λ > 0 such that ‖DXt|Ex‖ ≤ Ce
−λt for t ≥ 0. In this case F is the central
subbundle of Λ. Or else, we may replace uniform contraction along Es by uniform expansion
along F (the right hand side condition in (1.2).
We say that a DXt-invariant subbundle F ⊂ TΛM is a sectionally expanding subbundle
if dimFx ≥ 2 is constant for x ∈ Λ and there are positive constants C, λ such that for
every x ∈ Λ and every two-dimensional linear subspace Lx ⊂ Fx one has
| det(DXt|Lx)| > Ce
λt, for all t > 0. (2.2)
Definition 3. [11, Definition 2.7] A sectional-hyperbolic set is a partially hyperbolic set
whose central subbundle is sectionally expanding.
This is a particular case of the so called singular hyperbolicity whose definition we recall
now. A DXt-invariant subbundle F ⊂ TΛM is said to be a volume expanding if in the
above condition 2.2, we may write
| det(DXt|Fx)| > Ce
λt, for all t > 0. (2.3)
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Definition 4. [12, Definition 1] A singular hyperbolic set is a partially hyperbolic set whose
central subbundle is volume expanding.
Clearly, in the three-dimensional case, these notions are equivalent.
Sectional-hyperbolicity is a feature of the Lorenz attractor as proved in [16] and ex-
tends the notion of hyperbolicity for singular flows, since sectional hyperbolic sets without
singularities are hyperbolic; see [2, 13].
2.1. Applications. Now we give some applications.
Example 1. In [17] Turaev et al construct a wild attractor Γ (see Figure 1) of a n-
dimensional vector field, n ≥ 4, having a singular-hyperbolic splitting TΓM = E ⊕ F
where dimF = 3 and dimE = n−3. Moreover, the bundle F is not sectionally expanding;
see [17, p 296, formula (13)].
Hence Theorem A ensures that the wild attractors constructed in [17] admit a singular-
hyperbolic metric.
Figure 1. Example of Turaev-Shil’nikov’s wild strange attractor.
For the next application, we recall that the Riemannian manifoldM is naturally endowed
with a volume form m called Lebesgue measure.
Corollary 2.1. Let X be a C1 volume preserving flow on M . Then every partially hyper-
bolic set is singular-hyperbolic and thus admits a singular adapted metric.
Proof. It is enough to explain that partial hyperbolicity of a compact invariant subset Γ
for a conservative vector field X implies singular-hyperbolicity, as follows.
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Let TΓM = E ⊕ F be the singular-hyperbolic splitting over Γ. Domination and com-
pactness implies that the minimum angle
∢(E, F ) = inf{arccos〈u, v〉 : u ∈ Ex, v ∈ Fx, ‖u‖ = ‖v‖ = 1, x ∈ Γ}
between the bundles is away from zero; see [7, Appendix B]. Recall that E is uniformly
contracted. Hence, | detDXt| ≡ 1 since X is conservative and for all x ∈ Γ, t > 0
1 = | detDXt(x)| = | detDXt | Ex| · | detDXt | Fx| · sin∢(Ex, Fx)
so that
| detDXt | Fx| =
(
| detDXt | Ex| · sin∢(Ex, Fx)
)−1
≥ (Ke−µt sin∢(E, F ))−1
is uniformly expanding. 
Out methods do not provide that the singular adapted metric preserves volume.
Conjecture 1. Given a singular-hyperbolic set for a conservative C1 vector field, then
there exists a singular-hyperbolic adapted metric whose induced volume form is still pre-
served by the flow.
In [15, Definition 3], the third author has given the following notion of sectional hyper-
bolicity encompassing intermediate dimensions between 2 and the full dimension of the
central subbundle.
Definition 5. A compact invariant set Λ is p-singular hyperbolic (or p-sectionally hyper-
bolic) for a C1 flow X if there exists a partially hyperbolic splitting TΛM = E ⊕ F such
that E is uniformly contracting and the central subbundle F is p-sectionally expanding,
with 2 ≤ p ≤ dim(F ).
Remark 2.2. Note that, if Lx is a p-plane with 2 ≤ p ≤ dim(F ), we can see it as
v˜ ∈ ∧p(Fx) \ {0} of norm one.
Hence, to obtain the singular expansion we just need to show that for some λ > 0 and
every t > 0 holds the following inequality
‖ ∧p DXt(x).v˜‖ > Ce
λt.
We do not address sectional-expanding subbundles with dimension p less than the full
dimension of the central subbundle here, and we conjecture that similar results should hold
true.
Conjecture 2. Given a p-sectional hyperbolic set Γ for a C1 vector field X , then there
exists a metric such that for some constant µ > 0 and all t > 0
• |DXt |E | ≤ e
µt;
• |DXt |E | ≤ e
µt|DXt | F |; and
• | ∧p DXt(x)|Lx| > e
µt for every p-dimensional linear subspace Lx ⊂ Fx, 2 ≤ p <
dimF , x ∈ Γ.
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We stress that the contructions of adapted metrics in [4, 14], via quadratic forms, is
deeply based on the dimension of the singular hyperbolic subbundles. Thus, it is not clear
how to use quadratic forms to obtain adapted metrics when the codimension between the
p-sectional hyperbolic splitting is not equal to one. This drive us to propose the next
conjecture.
Conjecture 3. Consider a riemannian compact manifoldM of dimension n ≥ 4. If Γ ⊂M
is a p-sectional hyperbolic set for a C1 vector field, with 2 < p < dimF , then there exists
a singular adapted metric induced by quadratic forms.
3. Auxiliary results
3.1. Splittings for linear multiplicative cocycles. Let A : G × R → G be a smooth
map given by a collection of linear bijections
At(x) : Gx → GXt(x), x ∈ Γ, t ∈ R,
where Γ is the base space of the finite dimensional vector bundle G, satisfying the cocycle
property
A0(x) = Id, At+s(x) = At(Xs(x)) ◦ As(x), x ∈ Γ, t, s ∈ R,
with {Xt}t∈R a complete smooth flow over M ⊃ Γ. We note that for each fixed t > 0 the
map At : G → G, vx ∈ Gx 7→ At(x) · vx ∈ GXt(x) is an automorphism of the vector bundle
G.
The natural example of a linear multiplicative cocycle over a smooth flow Xt on a
manifold is the derivative cocycle At(x) = DXt(x) on the tangent bundle G = TM of a
finite dimensional compact manifold M . Another example is given by the exterior power
At(x) = ∧
kDXt of DXt acting on G = ∧
kTM , the family of all k-vectors on the tangent
spaces of M , for some fixed 1 ≤ k ≤ dimG.
It is well-known that the exterior power of an inner product space has a naturally
induced inner product and thus a norm. Thus G = ∧kTM has an induced norm from the
Riemannian metric of M . For more detalis on this see e.g. [6].
In what follows we assume that the vector bundle G has a smoothly defined inner product
in each fiber Gx which induces a corresponding norm ‖ · ‖x, x ∈ Γ.
Definition 6. A continuous splitting G = E ⊕ F of the vector bundle G into a pair of
subbundles is dominated (with respect to the automorphism A over Γ) if
• the splitting is invariant : At(x) · Ex = EXt(x) and At(x) · Fx = FXt(x) for all x ∈ Γ
and t ∈ R; and
• there are positive constants K, λ satisfying
‖At|Ex‖ · ‖A−t|FXt(x)‖ < Ke
−λt, for all x ∈ Γ, and all t > 0. (3.1)
We say that the splitting G = E ⊕ F is partially hyperbolic if it is dominated and
the subbundle E is uniformly contracted: ‖At | Ex‖ ≤ Ce
−µt for all t > 0 and suitable
constants C, µ > 0.
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3.2. Exterior power bundle. Let A : E × R → E be a linear multiplicative cocycle on
the vector bundle E over the flow Xt.
Let V be a vector space of dimension N and let ∧rV be the vector space of k-vectors over
V . We have that dim(∧rV ) =
(
N
r
)
and if {e1, ..., eN} is a basis of V , then {ek1 ∧ · · · ∧ ekr :
1 ≤ k1 < ... < kr ≤ N} is a basis in ∧
rV .
If V has the inner product 〈·, ·〉, then the bilinear extension of 〈u1∧· · ·∧ur, v1∧· · ·∧vr〉 :=
det(〈ui, vj〉
r
i,j=1) defines an inner product on ∧
rV .
In particular ‖u1 ∧ · · · ∧ ur‖ =
√
det(〈ui, uj〉)ri,j=1 is the volume of r-dimensional par-
allelogram H spanned by u1, ..., ur and we write vol(u1, ..., ur) = vol(H) = det(H) =
| det(u1, ..., ur)|.
If A : V → V is a linear operator, then the linear extension of ∧rA(u1 ∧ ... ∧ ur) =
A(u1) ∧ ... ∧ A(ur) is a linear operator ∧
rA on ∧rV .
Let A : V → V and ∧rA : ∧rV → ∧rV be linear operators with G spanned by
u1, · · · , us ∈ V . Define H := A|G, then H(G) is spanned by A(u1), · · · , A(us) and
| detA|G| = vol(A|G) = vol(H) = vol(A(u1), · · · , A(us)) = ‖A(u1) ∧ · · · ∧ A(us)‖ =
‖ ∧s A(u1 ∧ · · · ∧ us)‖.
In particular, if DXt(ui) = vi(t) = vi and G is spanned by u1, · · · , ur ∈ TΓM , then H(G)
is spanned by v1, · · · , vr and H(G) = DXt(G) and also
| det(DXt|G)| = vol(DXt(u1), · · · , DXt(ur))
= ‖DXt(u1) ∧ · · · ∧DXt(ur)‖ = ‖ ∧
r DXt(u1 ∧ · · · ∧ ur)‖.
It is natural to consider the linear multiplicative cocyle ∧kDXt over the flow Xt of X on
U , that is, for u1, u2, ..., uk ∈ TxM,x ∈ U and t ∈ R such that Xt(x) ∈ U we set
(∧kDXt) · (u1 ∧ u2 ∧ · · · ∧ uk) = (DXt · u1) ∧ (DXt · u2) ∧ · · · ∧ (DXt · uk)
see [6, Chapter 3, Section 2.3] or [19] for more details and standard results on exterior
algebra and exterior products of linear operator.
We note that if E ⊕ F is a DXt-invariant splitting of TΓM , with {e1, . . . , eℓ} a basis for
E and {f1, . . . , fh} a basis for F , then F˜ = ∧
kF generated by {fi1 ∧ · · · ∧ fik}1≤i1<···<ik≤h
is naturally ∧kDXt-invariant by construction.
In addition, E˜ generated by {ei1 ∧ · · · ∧ eik}1≤i1<···<ik≤ℓ together with all the exterior
products of i basis elements of E with j basis elements of F , where i+ j = k and i, j ≥ 1,
is also ∧kDXt-invariant and, moreover, E˜ ⊕ F˜ gives a splitting of the kth exterior power
∧kTΓM of the subbundle TΓM .
3.3. Splittings for the exterior power bundle. Let TΓM = EΓ⊕FΓ be aDXt-invariant
splitting over the compact Xt-invariant subset Γ such that dimF = k ≥ 2. Let F˜ = ∧
kF
be the ∧kDXt-invariant subspace generated by the vectors of F and E˜ be the ∧
kDXt-
invariant subspace such that E˜ ⊕ F˜ is a splitting of the kth exterior power ∧kTΓM of the
subbundle TΓM .
We consider the action of the cocycle DXt(x) on k-vector that is the k-exterior power
∧kDXt of the cocycle acting on ∧
kTΓM . We denote by ‖·‖ the standard norm on k-vectors
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induced by the Riemannian norm of M as explained in the previous subsection and we
write m = dimM .
Theorem 3.1. [4, Theorem A] The splitting E ⊕F is dominated if, and only if, E˜ ⊕ F˜ is
a dominated splitting for ∧kDXt.
Hence, a dominated splitting TΓM = EΓ ⊕ FΓ over the compact Xt-invariant subset Γ
implies that the bundle ∧kTΓM admits also a dominated splitting with respect to ∧
kDXt :
∧kTΓM → ∧
kTΓM .
Corollary 3.2. [14, Corollary 3.3] Let E be a uniformly contracted subbundle with respect
to DXt. Then E ⊕ F is a singular-hyperbolic splitting for DXt if, and only if, E˜ ⊕ F˜ is a
partially hyperbolic splitting for ∧kDXt such that F˜ is uniformly expanded by ∧
kDXt.
4. Proof of the main result
Let 〈·, ·〉 to be a Riemannian metric on TM and denote 〈·, ·〉x : TxM × TxM → R its
restriction to TxM . We denote by 〈·, ·〉x,∗ the induced metric on ∧
kTxM as in Subsection 3.2.
In particular, ‖u‖x,∗ :=
√
〈u, u〉x,∗ for u ∈ ∧
kTxM .
Define the k-exterior tangent bundle ∧kTM by
⋃
x∈M{x} × ∧
kTxM and the k-exterior
unit tangent bundle ∧k1TM by {(x, u) ∈ ∧
kTM : u ∈ ∧kTxM and |u|x,∗ ≤ 1}.
The following Lemma is an essential tool to prove the main theorem.
Lemma 4.1. Let [[·, ·]] be a Riemannian metric on ∧kTM . Then there exists a Riemannian
metric on TM [·, ·] such that [u]x,∗ ≤ [[u]]x for u ∈ ∧
kTxM where [[u]]x =
√
[[u, u]]x.
Proof. Note that the k-exterior unit tangent bundle ∧k1TM is a compact set since M is a
compact manifold. Then given [[·, ·]] and 〈·, ·〉∗ two Riemannian metrics on ∧
kTM there
exists η > 0 and δ > 0 such that η‖u‖x,∗ ≤ [[u]]x ≤ δ‖u‖x,∗ for all u in ∧
kTxM .
For v and w in TxM define [v, w]x := (η
2/k)〈v, w〉x, v, w ∈ TxM . We get [z, u]x,∗ =
η2〈z, u〉x,∗, z, u ∈ ∧
kTxM . In particular, [w]x,∗ = η‖w‖x,∗ ≤ [[w]]x, as we wished to prove.

We are now ready to present the proof of our main result.
Proof of Theorem A. Let a singular-hyperbolic set Γ for a C1 vector field X be given with
a splitting EΓ ⊕ FΓ with dimEΓ = m− k and dimFΓ = k.
Then F˜ = ∧kF generated by {fi1 ∧ · · · ∧ fik}1≤i1<···<ik≤k is naturally ∧
kDXt-invariant
by construction, where {f1, . . . , fk} a basis for F . So dim(F˜ ) = 1 with basis given by the
vector f1 ∧ · · · ∧ fk.
By Corollary 3.2, we have a partially hyperbolic splitting E˜ ⊕ F˜ for ∧kDXt such that
F˜ is uniformly expanded by ∧kDXt. Hence, from [8, Theorem 1], there exists an adapted
inner product [·, ·] for ∧kDXt over Γ, that is, there exists λ > 0 satisfying
[∧kDXt |E˜x ] · [∧
kDX−t |F˜Xt(x)
] ≤ e−λt and [∧kDXt |F˜x] ≥ e
λt, ∀t > 0, x ∈ Γ.
Note that we can write the last inequality as [∧kDX−t |F˜x] ≤ e
−λt and, by Lemma 4.1,
there exists an inner product [[·, ·]] on TΓM such that for all t > 0
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(1) ‖ ∧k DXt |E˜x ‖ · ‖ ∧
k DX−t |F˜Xt(x)
‖ ≤ e−λt, and
(2) ‖ ∧k DXt |F˜x ‖ ≥ e
λt,
where ‖ · ‖ denotes the induced norm of the k-exterior power. Hence, we have a partially
hyperbolic splitting E˜ ⊕ F˜ for ∧kDXt such that F˜ is uniformly expanded by ∧
kDXt. By
Theorem 3.1, we have that EΓ ⊕ FΓ is a dominated splitting for DXt.
Lemma 4.2. There exists an inner product 〈·, ·〉 in TΓM such that for all t > 0
(1) |DXt |Ex | · |DX−t |FXt(x) | ≤ e
−λt;
(2) | ∧k DXt |E˜x | · | ∧
k DX−t |F˜Xt(x)
| ≤ e−λt; and
(3) | ∧k DXt |F˜x | ≥ e
λt.
Proof. Let u ∈ Ex and v ∈ FXt(x) be such that ‖u‖ = 1 = ‖v‖. We observe that
‖DXtu‖ · ‖DX−tv‖ = ‖ ∧
k DXt(u ∧ u2 ∧ · · · ∧ uk)‖ · ‖ ∧
k DX−t(v ∧ v2 ∧ · · · ∧ vk)‖
if we choose u2, · · · , uk ∈ TxM and v2, · · · , vk ∈ FXt(x) such that:
• 〈DXtu,DXtuj〉 = 0 for 2 ≤ j ≤ k and 〈DXtuj, DXtul〉 = δjl for 2 ≤ j, l ≤ k;
• 〈DX−tv,DX−tvj〉 = 0 for 2 ≤ j ≤ k and 〈DX−tvj, DX−tvl〉 = δjl for 2 ≤ j, l ≤ k.
Consequently we obtain
‖DXtu‖ · ‖DX−tv‖ ≤ ‖ ∧
k DXt‖‖ ∧
k DX−t‖‖u ∧ u2 ∧ · · · ∧ uk‖ · ‖v ∧ v2 ∧ · · · ∧ vk‖
≤ e−λt‖u ∧ u2 ∧ · · · ∧ uk‖ · ‖v ∧ v2 ∧ · · · ∧ vk‖.
We note that ‖uj‖ ≤ ‖DX−t(x)‖ since ‖DXtuj‖ = 1 and analogously ‖vj‖ ≤ ‖DXt(Xtx)‖
since ‖DX−tvj‖ = 1 for 2 ≤ j ≤ k with ‖u‖ = ‖v‖ = 1.
We now set R = max{1, κ1}, where
κ1 = sup
t∈[−1,1]
sup
x∈M
‖DXt(x)‖
and define B[0, R] = {η ∈ TM : |η| ≤ R} a compact subset of TM .
Note that if we set t ∈ [−1, 1], then we get u, u2, · · · , uk, v, v2, · · · , vk ∈ B[0, R] in the
argument above.
Moreover
∏k
i=1B[0, R] is a compact subset of
∏k
i=1 TM =
∑
p∈M TpM ×
k
· · · × TpM and
let I :
∏k
i=1 TM → ∧
kTM be the natural injection given by
(w1, · · · , wk) 7→ w1 ∧ · · · ∧ wk.
We can now define | · | = γ‖ · ‖ (or 〈·, ·〉 = γ2[[·, ·]]) where γ is a positive number such
that
sup
w∈
∏
k
i=1B[0,R]
‖I(w)‖ ≤ γ−1.
It follows that
|DXtu| · |DX−tv| = γ‖ ∧
k DXt(u ∧ u2 ∧ · · · ∧ uk)‖ · γ‖ ∧
k DX−t(v ∧ v2 ∧ · · · ∧ vk)‖
≤ e−λtγ‖u ∧ u2 ∧ · · · ∧ uk‖ · γ‖v ∧ v2 ∧ · · · ∧ vk‖ ≤ e
−λt
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and note that the choice of γ does not change any of the previous relations involving ‖ · ‖.
Then for any given fixed t ∈ [−1, 1] we have obtained an adapted metric | · | that satisfies
the statement of the lemma.
For general t > 0, suppose first that t = n ∈ Z+. Then by invariance of the subbundles
|DXnu| · |DX−nv| ≤ |
n−1∏
i=0
(DX1 ◦Xi) · u| · |
n−1∏
i=0
(DX−1 ◦Xn−i) · v|
≤
n−1∏
i=0
(
|DX1 |EXix | · |DX−1 |FXn−ix |
)
· |u| · |v| ≤ |u| · |v|e−nλ.
Now for non-integer t > 0 write t = [t] + α where α ∈ (0, 1) and [t] = sup{n ∈ Z+ : n ≤ t}
is the integer part function. Then
|DXtu| · |DX−tv| = |DX[t] ◦DXαu| · |DX−[t] ◦DX−αv|
≤ |DXαu| · |DX−αv|e
−[t]λ ≤ |u| · |v|e−[t]λe−αλ = |u| · |v|e−tλ.
We have obtained a metric | · | satisfying item (1) in the statement of the Lemma. Analo-
gously, it satisfies items (2) and (3) of the statement of the Lemma, and we are done. 
From Lemma 4.2 we obtained an inner product 〈·, ·〉 in TΓM adapted to the dominated
splitting E ⊕ F for DXt, and this metric induces a metric in E˜ ⊕ F˜ which is an adapted
metric to the partially hyperbolic splitting E˜ ⊕ F˜ for ∧kDXt.
Moreover, from the definition of the inner product and exterior power, it follows that
for all t > 0
| det(DXt |Fx)| = |(∧
kDXt)(f1 ∧ · ∧ fk)| = |(∧
kDXt) |F˜ | ≥ e
λt
since F is spanned by f1, . . . , fk. So | · | is adapted to the volume expansion along F .
To conclude, we are left to show that E admits a constant ω > 0 such that |DXt |E | ≤
e−ωt for all t > 0. But since E is uniformly contracted, we know that X(x) ∈ Fx for all
x ∈ Γ.
Lemma 4.3. Let Γ be a compact invariant set for a flow X of a C1 vector field X on
M . Given a continuous splitting TΓM = E ⊕ F such that E is uniformly contracted, then
X(x) ∈ Fx for all x ∈ Γ.
Proof. See [1, Lemma 5.1] and [3, Lemma 3.3]. 
On the one hand, on each non-singular point x of Γ we obtain for w ∈ Ex
e−λt ≥
|DXt · w|
|DXt ·X(x)|
=
|DXt · w|
|X(Xt(x))|
≥
|DXt · w|
sup{|X(z)| : z ∈ Γ}
.
Now we define | · |∗ = ξ| · |, where ξ is a small positive constant such that sup{|X(z)| :
z ∈ Γ} ≤ 1. We note that the choice of the positive constant ξ does not change any of the
previous relations involving | · |, except that now |DXt · w|∗ ≤ e
−λt.
On the other hand, for σ ∈ Γ such that X(σ) = 0, we fix t > 0 and, since Γ is a non-
trivial invariant set, we can find a sequence xn → σ of regular points of Γ. The continuity
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of the derivative cocycle ensures |DXt |Eσ | = limn→∞ |DXt |Exn | ≤ e
−λt. Since t > 0 was
arbitrarily chosen, we see that | · | is adapted for the contraction along Eσ. This completes
the proof of Theorem A. 
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